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L——0, L/Q quartic Galois extension of Q.
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L——0, L/Q quartic Galois extension of Q.

4l H Ay, H Hopf Galois structure of L/Q.

Q 7, Is O, free over Ay?

Theorem (Leopoldt)
If N/Q is an abelian extension with group G, Oy is 2y q-free.
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Daniel Gil Mufioz Quartic extensions of Q



L——0, L/Q quartic Galois extension of Q.

4l H Ay, H Hopf Galois structure of L/Q.

Q 7, Is O, free over Ay?

Theorem (Leopoldt)
If N/Q is an abelian extension with group G, Oy is 2y q-free.

Classical Galois structure v/
What about the non-classical Hopf Galois structures?
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H-free of rank one.
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H Ay Assume that O is a PID.
K Ok Normal basis theorem (HG version): L is

H-free of rank one.
Associated order of O, in H:
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If O; is H-free, then H = Ay.
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L—— 0, L/K H-Galois extension of number fields.
H Ay Assume that O is a PID.
K Ok Normal basis theorem (HG version): L is

H-free of rank one.
Associated order of O, in H:
Ay={heH|h-O, C O}
If O; is H-free, then H = Ay.
Two kind of problems:

@ Compute an Ok-basis of 2.
e lIsO; QLH-free?
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Determining the 2(-freeness of O

L/K H-Galois of degree n.
W = {w;}_, K-basis of H, B = {v;}]_; K-basis of L.

Daniel Gil Mufioz Quartic extensions of Q



Hopf Galois module structure
P The reduction method

Determining the 2(-freeness of O

L/K H-Galois of degree n.
W = {w;}_, K-basis of H, B = {v;}]_; K-basis of L.
For1 <j<n,set

MH.L) = | (w1 -7)s (W2 7)s -.. (Wo s | € Ma(K).
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Hopf Galoi I
opf Galois module structure The reduction method

Determining the 2(-freeness of O

L/K H-Galois of degree n.
W = {w;}_, K-basis of H, B = {v;}]_; K-basis of L.
For1 <j<n,set

y | . \

M;(H, L) = ((W1 "’Yj)B (w2 "’Yj)B s (wp -Vj)B) € Mp(K),

The matrix of the action of H on L is defined as

M (H, L)
MH, L= [ - | € M, (K).
Mn(H, L)
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opf Galois module structure The reduction method

Determining the 2(-freeness of O

The matrix of the action of H on L is defined as
M (H, L)

M(H,L)=[ - € Moz, n(K).
Mn(H, L)
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Hopf Galoi I
opf Galois module structure The reduction method

Determining the 2(-freeness of O

The matrix of the action of H on L is defined as
M (H, L)

M(H,L)=[ - € Moz, n(K).
Mn(H, L)

It is the matrix of the linear map

PH - H — EndK(L)
h — x—h-x
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Hopf Galoi I
opf Galois module structure The reduction method

Determining the 2(-freeness of O

The matrix of the action of H on L is defined as

M (Ha L)

M(H, L) = € Mz, n(K).

AGEY

It is the matrix of the linear map

PH - H — EndK(L) g./\/ln(K)
h — x—h-x
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Hopf Galoi I
opf Galois module structure The reduction method

Determining the 2(-freeness of O

The matrix of the action of H on L is defined as

M (Ha L)

M(H, L) =

€ anxn(K)'

AGEY

It is the matrix of the linear map

PH - H — EndK(L) g./\/ln(K)
h — x—h-x

In Endk (L) we fix the canonical basis (with respect to B).
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Hopf Galoi I
opf Galois module structure The reduction method

Determining the 2(-freeness of O

Assume that B is an Ok-basis of O,.
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Hopf Galois module structure
P The reduction method

Determining the 2(-freeness of O

Assume that B is an Ok-basis of O,.

Key idea: We reduce integrally M(H, L) to an n x n matrix.
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Hopf Galois module structure
P The reduction method

Determining the 2(-freeness of O

Assume that B is an Ok-basis of O,.

Key idea: We reduce integrally M(H, L) to an n x n matrix.

Theorem

There is a matrix D € Mp(K) and a unimodular matrix
U € GL,2(Ok) with the property that

UM(H, L) = @ .

We say that D is a reduced matrix of M(H, L).
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Determining the 2(-freeness of O

Assume that B is an Ok-basis of O,.

Key idea: We reduce integrally M(H, L) to an n x n matrix.

Theorem

There is a matrix D € Mp(K) and a unimodular matrix
U € GL,2(Ok) with the property that

UM(H, L) = @ .

We say that D is a reduced matrix of M(H, L).

D is a change basis matrix from a basis of 2y to W.
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Hopf Galois module structure
P The reduction method

Determining the 2(-freeness of O

Assume that B is an Ok-basis of O,.

Key idea: We reduce integrally M(H, L) to an n x n matrix.

Theorem

There is a matrix D € Mp(K) and a unimodular matrix
U € GL,2(Ok) with the property that

UM(H, L) = @ .

We say that D is a reduced matrix of M(H, L).

D is a change basis matrix from a basis of 2y to W.

The columns of D~ form a basis of the associated order 2.
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opf Galois module structure The reduction method

Determining the 2(,-freeness of O

0 IsO; QlH—free?
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Hopf Galois module structure The reduction method

Determining the 2(,-freeness of O

0 IsO; QlH—free?

Let 8 = 2721 Bj; € O be a potential 2 y-generator of O;.
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i I
Hopf Galois module structure The reduction method

Determining the 2(,-freeness of O

@ Is O, Ay-free?
Let g = 2721 Bj; € O be a potential 2 y-generator of O;.
We define Mg(H, L) := 27:1 BiM;(H, L).
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i I
Hopf Galois module structure The reduction method

Determining the 2(,-freeness of O

@ Is O, Ay-free?
Let 8 = 2721 Bj; € O be a potential 2 y-generator of O;.
We define Ms(H, L) = 327, B;M;(H, L).
Then,

Ms(H.L) =) GiM(H. L)
j=1

| | \
((W1'5)B (WziB)B (Wn'ﬁ)B)

Daniel Gil Mufioz Quartic extensions of Q



i I
Hopf Galois module structure The reduction method

Determining the 2(,-freeness of O

@ Is O, Ay-free?
Let 8 = 2721 Bj; € O be a potential 2 y-generator of O;.
We define Ms(H, L) = 327, B;M;(H, L).
Then,

Ms(H.L) =) GiM(H. L)
j=1

| | \
((W1'5)B (WziB)B (Wn'ﬁ)B)

If 9= (wq,..., Wn)oy,
Ds(H, L) = det(Ms(H, L)) = [0, : 5 - o
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.

— Iw(H, L) = [91/_/ : f)]OK = det(D).
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.

— Iw(H, L) = [91/_/ : f)]OK = det(D).

[OL: 9 Blog = [OL: Ax - Blox RH-B: 9 - Blok
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.

— Iw(H, L) = [Q[H : f)]()K = det(D).

[OL: 9 Blo, =[O : A - Bloy [ = 9ok
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.

— Iw(H, L) = [QlH : f)](f)K = det(D).

Dﬁ(Hv L) = [OL DAy - 5]OK IW(Ha L)
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Now, D is the change basis matrix from a basis of (4 to a basis
of 9.

— Iw(H, L) = [QlH : f)](f)K = det(D).

Dﬁ(Hv L) = [OL DAy - 5]OK IW(Ha L)

O\ is Ay-free with generator 3 if and only if lw(H, L) = Dg(H, L)
up to multiplication by a unit of Ok.
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Procedure:
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Procedure:

1. We find the entries of M(H, L), where in L we fix an integral
basis B.
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Procedure:

1. We find the entries of M(H, L), where in L we fix an integral
basis B.

2. We compute a reduced matrix of M(H, L) and ly(H, L).
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Procedure:

1.

We find the entries of M(H, L), where in L we fix an integral
basis B.

We compute a reduced matrix of M(H, L) and Iy(H, L).

For a given g € O, we find the determinant Dg(H, L) of the
matrix Mg(H, L).
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Procedure:

1.

We find the entries of M(H, L), where in L we fix an integral
basis B.

We compute a reduced matrix of M(H, L) and Iy(H, L).

For a given g € O, we find the determinant Dg(H, L) of the
matrix Mg(H, L).

If Dg(H, L) = Iw(H, L) (up to multiplication by unit), then O
is 2Ay-free with generator .
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Procedure:

1. We find the entries of M(H, L), where in L we fix an integral
basis B.

2. We compute a reduced matrix of M(H, L) and ly(H, L).

3. Foragiven g € O, we find the determinant Dg(H, L) of the
matrix Mg(H, L).

4. If Dg(H, L) = lw(H, L) (up to multiplication by unit), then O,
is 2 y-free with generator 5.

If K =Q, we need Dg(H, L) = Iw(H, L) up to sign.

Daniel Gil Mufioz Quartic extensions of Q



Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Procedure:

1. We find the entries of M(H, L), where in L we fix an
integral basis B.

2. We compute a reduced matrix of M(H, L) and ly(H, L).

3. Foragiven g € O, we find the determinant Dg(H, L) of the
matrix Mg(H, L).

4. If Dg(H, L) = lw(H, L) (up to multiplication by unit), then O,
is 2 y-free with generator 5.

If K =Q, we need Dg(H, L) = Iw(H, L) up to sign.
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Assume L/K is Galois with group G.
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Determining the 2(,-freeness of O

Assume L/K is Galois with group G.

Suppose that we know how G acts on some K-basis of L.
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Hopf Galoi I r
opf Galois module structure The reduction method

Determining the 2(,-freeness of O

Assume L/K is Galois with group G.
Suppose that we know how G acts on some K-basis of L.
Let H be a Hopf Galois structure of L/K.
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Hopf Galois module structure
opf Galois The reduction method

Determining the 2(,-freeness of O

Assume L/K is Galois with group G.
Suppose that we know how G acts on some K-basis of L.
Let H be a Hopf Galois structure of L/K.

@ Since H acts as linear combinations of elements of G, we
know how H acts on that K-basis of L.
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Assume L/K is Galois with group G.
Suppose that we know how G acts on some K-basis of L.
Let H be a Hopf Galois structure of L/K.

@ Since H acts as linear combinations of elements of G, we
know how H acts on that K-basis of L.

@ The action of H on any other K-basis of L is computed
using the linearity (change basis of L).
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Hopf Galois module structure
P The reduction method

Determining the 2(,-freeness of O

Assume L/K is Galois with group G.
Suppose that we know how G acts on some K-basis of L.
Let H be a Hopf Galois structure of L/K.

@ Since H acts as linear combinations of elements of G, we
know how H acts on that K-basis of L.

@ The action of H on any other K-basis of L is computed
using the linearity (change basis of L).

In order to determine the action of H on any K-basis of L, it is
enough to know the action of G on some K-basis of L.
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Cyclic quartic extensions of Q

Let L/K be a cyclic quartic extension with G = Gal(L/K) = (o).
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Cyclic quartic extensions of Q

Let L/K be a cyclic quartic extension with G = Gal(L/K) = (o).

Greither-Pareigis: Hopf Galois structures of L/K correspond to
regular G-stable subgroups of Perm(G).
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Cyclic quartic extensions of Q

Let L/K be a cyclic quartic extension with G = Gal(L/K) = (o).

Greither-Pareigis: Hopf Galois structures of L/K correspond to
regular G-stable subgroups of Perm(G).

There are two: A\(G) and the one generated by the premutations

n= (16702)(07 03)7 n= (1670)(02703)'
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Cyclic quartic extensions of Q

Let L/K be a cyclic quartic extension with G = Gal(L/K) = (o).

Greither-Pareigis: Hopf Galois structures of L/K correspond to
regular G-stable subgroups of Perm(G).

There are two: A\(G) and the one generated by the premutations

n= (16702)(07 03)7 n= (1670)(02703)'

Proposition

L/K has a unique non-classical Hopf Galois structure, which
has K-basis

{1d, pym + pm, z(n — )}t
where z is the square root of a non-square element in K.
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Cyclic quartic extensions o

Let L/Q be a cyclic quartic extension of number fields.
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Cyclic quartic extensions of Q

Let L/Q be a cyclic quartic extension of number fields.
We need:
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Cyclic quartic extensions of Q

Let L/Q be a cyclic quartic extension of number fields.
We need:

1. A Z-basis of O;.
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Cyclic quartic extensions of Q

Let L/Q be a cyclic quartic extension of number fields.
We need:

1. A Z-basis of O;.
2. The action of H on that basis.
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Cyclic quartic extensions of Q

Let L/Q be a cyclic quartic extension of number fields.
We need:

1. A Z-basis of O;.
2. The action of H on that basis.

Proposition

L = Q(y/a(d + b\V/d)), where:
@ ac 7 is odd square-free and b € 7.
@ d = b? + ¢? for some ¢ € Z~q and d is square-free.
@ gcd(a,d) =1.

Daniel Gil Mufioz Quartic extensions of Q



Cyclic quartic extensions of Q

Let z = y/a(d + bVd).
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = y/a(d — bV/d)
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = \/a(d — bv/d) = the roots of f are z, w and their
negatives.
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = \/a(d — bv/d) = the roots of f are z, w and their
negatives.

Elements of G are permutations of {z, w, —z, —w}.
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = \/a(d — bv/d) = the roots of f are z, w and their
negatives.

Elements of G are permutations of {z, w, —z, —w}. We can
assume that o = (z, w, —z, —w).
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = \/a(d — bv/d) = the roots of f are z, w and their
negatives.

Elements of G are permutations of {z, w, —z, —w}. We can
assume that o = (z, w, —z, —w).

Then, we know how G acts on the K-basis {1,v/d, z, w} of L:
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Cyclic quartic extensions of Q

Let z = y/a(d + bv/d). The minimal polynomial of z is
f(x) = x* — 2adx? + &2c2d.

Let w = \/a(d — bv/d) = the roots of f are z, w and their
negatives.

Elements of G are permutations of {z, w, —z, —w}. We can
assume that o = (z, w, —z, —w).

Then, we know how G acts on the K-basis {1,v/d, z, w} of L:
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Cyclic quartic extensions of Q

We are able to determine the action of a Hopf Galois structure
on any K-basis of L.
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Cyclic quartic extensions of Q

We are able to determine the action of a Hopf Galois structure
on any K-basis of L.

In particular, on the integral ones.
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Cyclic quartic extensions of Q

We are able to determine the action of a Hopf Galois structure
on any K-basis of L.

In particular, on the integral ones.

Case Integral basis
1 {1,Vd,z,w}
2 1, ”2}/8,2, w
1+vd —
3 {1,100 2 20}
4 1 16Vd 1+Vdiziw 1-Vdiz—w
' T2 4 ’ 4
5 {1 14v/d 14Vd4z—w 1—\/E+z+w}
y T 2 4 ) 4
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Cyclic quartic extensions of Q

We are able to determine the action of a Hopf Galois structure
on any K-basis of L.

In particular, on the integral ones.

Case Integral basis
1 {1,Vd,z,w}

1+vd
1,149 2w}

1 1+vd z+w z—w
’ 2 9 2 0 2

1 1+Vd 14Vdiziw 1-Vdtz—w
T2 4 ) g

{1 1+vd 1+Vd+z—w 1—\/a+z+w}
y T i ) 2

2
3
4
5

We call {v1,72,73,74} the integral basis of L.
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Cyclic quartic extensions of Q

Case 1:
112 0
p_|0 22 2 Iw(H, L) =16b
“loo4 o Ds(H, L) = 16bp1B2(55 + 52)
000 2b
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Cyclic quartic extensions of Q

Case 1:
112 0
p_|0 22 2 Iw(H, L) =16b
“loo4 o Ds(H, L) = 16bp1B2(55 + 52)
000 2b

O, is Ay-free with generator 8 = v + v2 + 3.
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Cyclic quartic extensions of Q

Case 1:
112 0
p_|0 22 2 Iw(H, L) =16b
“loo4 o Ds(H, L) = 16bp1B2(55 + 52)
000 2b

O, is Ay-free with generator 8 = v + v2 + 3.

Cases 2 and 3:
110 0

p_|0 20 -2 Iw(H, L) =8b

“loo2 o Ds(H, L) = £8bB2(55 + 55)(281 + B2)
0 00 2b
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Cyclic quartic extensions of Q

Case 1:
112 0
p_|0 22 2 Iw(H, L) =16b
“loo4 o Ds(H, L) = 16bp1B2(55 + 52)
000 2b

O, is 2 y-free with generator 8 = 1 + vo + 3.

Cases 2 and 3:

110 0

p_|0 20 -2 Iw(H, L) =8b

“loo2 o Ds(H, L) = +8b32(65 + 52) (261 + B2)
000 2b

O, is Ay-free with generator 8 = vo + 3.
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Cyclic quartic extensions of Q

Cases 4 and 5:

100 o Iw(H, L) = 2b
b= 8 (1) ? _bc Ds(H, L) = 72b(53 + 53)(2B2 + fs —
00 0 2 B4)(4581 + 282 + B3 + fa)

Daniel Gil Mufioz Quartic extensions of Q



Cyclic quartic extensions of Q

Cases 4 and 5:
0 0 ¢

b= 8 (1) ? b Ds(H, L) = F2b(55 + 52)(262 + B3 —
00 0 2 B4)(4581 + 282 + B3 + fa)

O, is 2Ay-free with generator 8 = o — 3.
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Cyclic quartic extensions of Q

Cases 4 and 5:

100 o Iw(H, L) = 2b
b= 8 (1) ? _bc Ds(H, L) = 72b(53 + 53)(2B2 + fs —
00 0 2 B4)(4581 + 282 + B3 + fa)

O, is 2Ay-free with generator 8 = o — 3.

Let L/Q is a cyclic quartic extension. Then Oy is free over its
associated order at every Hopf Galois structure of L/Q.
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Biquadratic extensions of Q
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© Biquadratic extensions of Q
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Biquadratic extensions of Q

Let L/K be a biquadratic extension with G = Gal(L/K) = (o, 7).
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Biquadratic extensions of Q

Let L/K be a biquadratic extension with G = Gal(L/K) = (o, 7).

There are three non-classical Hopf Galois structures, given by
the subgroups generated by:

o =(1g,07,7,0).

@ np=1g,07,0,7).

@ n3=(1g,7,07,0).
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Biquadratic extensions of Q

Let L/K be a biquadratic extension with G = Gal(L/K) = (o, 7).
There are three non-classical Hopf Galois structures, given by
the subgroups generated by:

o =(1g,07,7,0).

@ np=1g,07,0,7).

@ n3=(1g,7,07,0).

Proposition

The non-classical Hopf Galois structures {H;}?_, have K-bases

{Id, ?7/2, ni + 77;3, zi(n;i — 77;3)} )

where:
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Biquadratic extensions of Q

Let L/K be a biquadratic extension with G = Gal(L/K) = (o, 7).
There are three non-classical Hopf Galois structures, given by
the subgroups generated by:

o =(1g,07,7,0).

@ np=1g,07,0,7).

@ n3=(1g,7,07,0).

Proposition

The non-classical Hopf Galois structures {H;}?_, have K-bases

{1d,02,mi + 0, zi(mi =) }

where:
o E1 = L<T>, Eg = L<U>, E3 = L<JT>.
@ Foreachie {1,2,3},z€ E;— K andz? € K.
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, +/n) with:
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, +/n) with:

@ m, n € Z square-free.
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, +/n) with:
@ m,n € Z square-free.

@ k="57,d=gcd(m,n).
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, +/n) with:

@ m, n € Z square-free.

@ k="57,d=gcd(m,n).

@ m, nand k are exchangeable.
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, +/n) with:

@ m, n € Z square-free.

@ k="57,d=gcd(m,n).

@ m, nand k are exchangeable.
Lattice of intermediate fields:
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Biquadratic extensions of Q

Let L/Q be a biquadratic extension with G = Gal(L/Q) = (o, 7).
L = Q(v/m, /n) with:

@ m, n € Z square-free.

® k="7,d=gcd(m,n).

@ m, nand k are exchangeable.
Lattice of intermediate fields:
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Biquadratic extensions of Q

Action of G on the K-basis {1,v/m, v/n, vk} of L:

o(vm)=—vm, o(vn)=vn, o(Vk)=-Vk,
r(vVm)=vm, (vn)=-vn, 7(Vk)=-Vk,
or(vm)=—vVm, or(v/n)=—vVn, or(Vk)=Vk
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Biquadratic extensions of Q

Action of G on the K-basis {1,v/m, v/n, vk} of L:

o(vm)=—vm, o(vn)=vn, o(Vk)=-Vk,
r(vVm)=vm, (vn)=-vn, 7(Vk)=-Vk,
or(vm)=—vVm, or(v/n)=—vVn, or(Vk)=Vk

Case Integral basis
monk=1(4) | {1,150 0 (1m) (170
m=3(4), nk=2(4) {1,vm,v/n 2p/E
m=1(4), nk#1(4) {1,157 v/, Lop/e
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Biquadratic extensions of Q

Action of G on the K-basis {1,v/m, v/n, vk} of L:

o(vm)=—vm, o(vn)=vn, o(Vk)=-Vk,
r(vVm)=vm, (vn)=-vn, 7(Vk)=-Vk,
or(vm)=—vVm, or(v/n)=—vVn, or(Vk)=Vk

Case Integral basis
monk=1(4) | {1,150 0 (1m) (170
m=3(4), nk=2(4) {1,vm,v/n 2p/E
m=1(4), nk#1(4) {1,157 v/, Lop/e

L/K is tamely ramified if and only if m,n =1 (mod4)
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.

His proof uses the theory of idéles.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.

His proof uses the theory of idéles.
x? + ay? = +2g are generalized Pell equations.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.

His proof uses the theory of idéles.

x? + ay? = +2g are generalized Pell equations.
e If a > 0, they have a finite number of solutions.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.

His proof uses the theory of idéles.

x? + ay? = +2g are generalized Pell equations.
e If a > 0, they have a finite number of solutions.

@ If a < 0, there could be infinitely many and there are
algorithms of computation.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Proposition (Truman)

Let L = Q(v/a,Vb) with a,b = 1(mod4), and let g = gcd(a, b).
If H is the non-classical Hopf Galois structure of L/Q given by
Vva, O is Ay-free if and only if there are x, y € 7 such that

X2 + ay? = +2g.

His proof uses the theory of idéles.

x? + ay? = +2g are generalized Pell equations.
e If a > 0, they have a finite number of solutions.

@ If a < 0, there could be infinitely many and there are
algorithms of computation.

What if we use the reduction method?

Daniel Gil Muiioz Quartic extensions of Q



Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Reduced matrix of M(H;, L), i € {1,2,3}:
1 00

0
0100
00 1 1
0 00 2
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Reduced matrix of M(H;, L), i € {1,2,3}:
1 00

0
01 00O
0 0 1 1
0O 0 0 2
For 8 € Oy,
Dg(Hy, L) = —2(262 + B4)(451 + 262 + 283 + Pa)

<2d5§ T 2mpafs + D] 62) .

d 2
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Reduced matrix of M(H;, L), i € {1,2,3}:
1 00

0
0100
0 0 1 1
0O 00 2
For 8 € Oy,

Ds(Hi, L) = —2(2B2 + B4) (451 + 202 + 203 + (4)
<2d53+2mﬁsﬁ4+ ”’+1ﬁ4>.

d
If we want S to be a free generator, we must have

1
2015 +2mpgfis + 5 B = 41,
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

If we want S to be a free generator, we must have

205 + 2mpBafs + 57 = 1.

d 2
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

If we want S to be a free generator, we must have

m
2dpBE +2mBafs + — 9 2

Let f(B3) = 2dB3 + 2mBsBs + B 75152 — 5, 5 € {—1,1}.

Daniel Gil Mufioz Quartic extensions of Q



Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

If we want S to be a free generator, we must have

1
2015 + 2mpgfiy + 5 6 = 1
Let f(B3) = 2d33 + 2mB3Bs + F 74132 — s, s € {—1,1}. It has

discriminant
A = 4(—mp2 + 2ds).
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

If we want S to be a free generator, we must have

1
2015 + 2mpgfiy + 5 6 = 1
Let f(B3) = 2d33 + 2mB3Bs + F 74132 — s, s € {—1,1}. It has

discriminant
A = 4(—mp2 + 2ds).

This is a square if and only if there are x, y € Z if and only if

= —my? + 2ds.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

If we want S to be a free generator, we must have

1
2015 + 2mpgfiy + 5 6 = 1
Let f(B3) = 2d33 + 2mB3Bs + F 74132 — s, s € {—1,1}. It has

discriminant
A = 4(—mp2 + 2ds).

This is a square if and only if there are x, y € Z if and only if

x2 + my? = 2ds.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Forie {1,2,3}, O is Uy -free if and only if there exist integers
X,y € Z such that:

1. X2+ my? = £24d, ifi = 1.

2. X2+ ny? = +24d, ifi = 2.

3. x% 4+ ky? = +2%8, ifi = 3.
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Biquadratic extensions of Q

Case 1: m,n,k =1 (mod4)

Forie {1,2,3}, O is Uy -free if and only if there exist integers
X,y € Z such that:

1. X2+ my? = £24d, ifi = 1.

2. X2+ ny? = +24d, ifi = 2.

3. x% 4+ ky? = +2%8, ifi = 3.

This matches with Truman’s result because § = gcd(k, n).
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)
Reduced matrices of M(H;, L), i € {1,2,3}:

1120 10 -10 10 -10
0222 01 -10 01 -10
0040 |00 4 0f (00 4 0
000 4 00 0 2 00 0 2
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Reduced matrices of M(H;, L), i € {1,2,3}:

1120 10 -1 0 10 -1 0

022 2 01 -1 0 01 -1 0

0 0 4 0]}’ 00 4 0}’ 00 4 O

0 00 4 00 0 2 00 0 2
Given 5 € Oy,

Ds(#h. L) = 320100 (A5 + dpasi + 4 (d+ ) 7).

Dy(Ha, L) = 851 (28 + Ba) (2055 + 5= 67) .

Dy(Hs, L) = 8614 (2508 + 268 + 22 oy + 5 -5
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Foric {1,2,3}, O is Uy -free if and only if there exist integers
X,y € Z such that:

1. X2+ my? = £4d, ifi = 1.
2. X2+ ny? =+2d, ifi = 2.
3. x2+ ky? = +28 ifi =3.
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Foric {1,2,3}, O is Uy -free if and only if there exist integers
X,y € Z such that:

1. X2+ my? = £4d, ifi = 1.
2. X2+ ny? =+2d, ifi = 2.
3. x2+ ky? = +28 ifi =3.

nand k play exactly the same role.
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Foric {1,2,3}, O is Uy -free if and only if there exist integers
X,y € Z such that:

1. X2+ my? = £4d, ifi = 1.
2. X2+ ny? =+2d, ifi = 2.
3. x2+ ky? = +28 ifi =3.

nand k play exactly the same role.

The Pell equation x? + ny? = +2d has solutions if and only if so
has x2 + ny? = +21.
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Proposition
1. Ifm> 0, O, is not Ay, -free unless m and n are coprime or
m divides n.
2. Ifn> 0 (resp. k > 0), then O is not A, -free (resp. not
Ay, -free) unless n = 2d.
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Biquadratic extensions of Q

Case 2: m=3(mod4), n,k = 2 (mod 4)

Proposition
1. Ifm> 0, O, is not Ay, -free unless m and n are coprime or
m divides n.
2. Ifn> 0 (resp. k > 0), then O is not A, -free (resp. not
Ay, -free) unless n = 2d.

Corollary

The unique totally real biquadratic extensions L = Q(+/m, /n)
of Q with m = 3 (mod4) and n = 2 (mod 4) for which O is

Ay, -free for all i € {1,2,3} are of the form L = Q(v/m, V2).
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Biquadratic extensions of Q

Case 3: m=1(mod4), n, k # 1 (mod 4)
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Biquadratic extensions of Q

Case 3: m=1(mod4), n, k # 1 (mod 4)
Reduced matrices of M(H;, L), i € {1,2,3}:

1100 1010 1010
0200 0110 0110
002 0} 0 0 2 0} 00260
0 00 2 0 0 01 0 0 0 1

Daniel Gil Mufioz Quartic extensions of Q



Biquadratic extensions of Q

Case 3: m=1(mod4), n, k # 1 (mod 4)
Reduced matrices of M(H;, L), i € {1,2,3}:

1 0

0
0
0
2

ON = —
O OO =
o O =0
ON = =
- O OO

110 0
0 20 0 1 0
0 0 2 ’ 00 0f”
0 0O 00 1

Given 5 € Oy,

Dy(Hh, L) = ~835(281+52) <2d6§ +2d8s6a + 5 (d+ ) @%) ,

Dy(Ha, L) = 4(251 + P2) (285 + B) (055 + 267) .

Ds(Ha,L) = 45a(261 + B2) (5 58 + 405 + 47 5apa + L52) .
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Biquadratic extensions of Q

Case 3: m=1(mod4), n, k # 1 (mod 4)

Proposition

@ Oy is Uy, -free if and only if there exist integers x, y € Z
such that x? + my? = +2d.

@ Oy is not Ay, -free nor A, -free.
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Biquadratic extensions of Q

Case 3: m=1(mod4), n, k # 1 (mod 4)

Proposition

@ Oy is Uy, -free if and only if there exist integers x, y € Z
such that x? + my? = +2d.

@ Oy is not Ay, -free nor A, -free.

Ifm> 0, O is not Ay, -free.
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Biquadratic extensions of Q
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Thank you for your attention
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